The appearance of the inertial vacuum state in Rindler frame has been extensively studied in the literature, both from the point of view of quantum field theory developed using Rindler foliation and using the response of an Unruh-Dewitt detector. In comparison, less attention has been devoted to the study of inertial non-vacuum states when viewed from the Rindler frame. We provide a comprehensive study of this issue in this paper. We first present a general formalism describing the characterization of arbitrary inertial state (i) when described using an arbitrary foliation and (ii) using the response of an Unruh-DeWitt detector moving along an arbitrary trajectory. This allows us to calculate the mean number of particles in an arbitrary inertial state, when the QFT is described using an arbitrary foliation of spacetime or when the state is probed by a detector moving along an arbitrary trajectory. We use this formalism to explicitly compute the results for the Rindler frame and uniformly accelerated detectors. Any arbitrary inertial state will always have a thermal component in the Rindler frame with additional contributions arising from the non-vacuum nature. We classify the nature of the additional contributions in terms of functions characterizing the inertial state. We establish that for all physically well behaved normalizable inertial states, the correction terms decrease rapidly with the energy of the Rindler mode so that the high frequency limit is dominated by the thermal noise in any normalizable inertial state. However, inertial states which are not strictly normalizable like, for example, the one-particle state with definite momentum, lead to a constant contribution at all high frequencies in the Rindler frame. We show that a similar behavior arises in the response of the Unruh-DeWitt detector as well. In the case of the detector response, we provide a physical interpretation for the constant contribution at high frequencies in terms of total detection rate of co-moving inertial detectors. We also describe two different approaches for defining a transition rate for the Unruh-DeWitt detector, when the two-point function lacks the time translation invariance and discuss several features of different definitions of transition rates. The implications are discussed.
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PACS numbers:
I. INTRODUCTION
Quantum field theory (QFT) in curved spacetime (or in non-inertial co-ordinates) has traditionally introduce new conceptual features into the standard notions of QFT, developed in the inertial co-ordinates in flat spacetime. One of the key results is that neither the particle content of the quantum states, nor the structure of vacuum fluctuations remain generally covariant [1] . Given a field in the spacetime, the particle content of the field can be evaluated only after introducing some mode functions into which the field can be decomposed. Such a mode decomposition is usually selected by the "positive frequency" criterion in a particular (1+3) foliation of the spacetime. Generically, different congruences of observers can be associated with differnet (1+3) foliations of spacetime by, say, identifying the normal vector to the spacelike surfaces with the four-velocity of the congruence of observers. Every congruence of observers will interpret the particle content of the field in terms of modes which appear natural to her/him. Consequently, we are led to different sets of mode functions and creation/annihilation operators, related between different sets, in general, by Bogoliubov transformations. A vacuum state defined by one set of annihilation operators will be -in generalperceived as a non-vacuum state when interpreted using a different set of mode functions. A well-known example is the vacuum state in Minkowski foliation which appears as a thermal bath to uniformly accelerating observers. Similarly the vacuum state of a geodesic observer close to the horizon of the black holes will appear as a thermal state to an asymptotic stationary observer, who is an accelerating observer with respect to the in-falling geodesic observer.
Another -and possibly more direct-probe of the quantum field (closely related to mode functions and foliations but not identical to it) is coded in its interaction with particle detectors. A detector moving along a specific trajectory and coupled to the field will respond in a manner specific to the trajectory. Studying the response of such detectors gives another characterization of the quantum field. It is usual to study the response of detectors linearly coupled to the quantum field, viz. the Unruh-DeWitt detector [2] . Depending upon different trajectories it takes, the detector will click at different rates. The detector response depends essentially on the two-point (Wightman) function of the field evaluated along the trajectory. That is, while the particle content depends on the mode decomposition, the detector response is related to the two-point function along its trajectory and -a priori-there is no reason to expect the detector response to match with the particle content of the field defined using foliation dependent mode functions. In fact, they will not match with each other in a generic case (see e.g. [3] ). However, in certain cases, (e.g. detector on a Rindler trajectory with the field being in the Minkowski vacuum) the number of "clicks" the detector registers is directly related to the number expectation value obtained by the mode functions natural to the foliation. One important property of the inertial vacuum state is that the two point function, for all those observers who move along trajectories which are integral curves of time-like Killing fields, is time-translation invariant. In those cases, the Unruh-DeWitt detector clicks at a uniform rate and the particle content of the field is proportional to the detector response.
In this paper, we extend the above analysis to the situation in which the quantum field is in a non-vacuum state. We develop a formalism to study both the particle content and the detector response for the field in terms of a single entity defined as an effective field. We first show that all the information relevant to a particular foliation (used by congruences of observers) or a detector in a particular trajectory can be extracted from this effective field. Within this set-up, we investigate the cases in which the two point function (generically) lacks property of time translation invariance. For example, this happens when the state of the field is not the inertial vacuum or, more specifically, when the inertial state is not a momentum eigenstate for a particular mode. We first develop a general set up for evaluating interesting quantities like number expectation value, detector transition probability, detection rates etc. in the general context. Moreover, since the behavior of the vacuum state is already well-known in the literature we focus our attention on the departures from the vacuum response, when the field happens to be in a non-vacuum state. We study the quantum filed when it is not in vacuum state in both the approaches, i.e. the particle content and the detector response. In a non-vacuum state a Unruh-DeWitt detector will "click" also in the inertial frame, thereby making the identification of the genuine effects of non-inertial frames somewhat non-trivial; we take special care to isolate this feature whenever applicable.
As a concrete demonstration of these ideas, we show that an arbitrary inertial quantum state of Minkowski mode, when studied from the Rindler frame, will give rise to a thermal part plus additional corrections. We concentrate on the additional corrections in detail using our formalism. We establish that for any arbitrary state in the Minkowskian frame, the corrections, decay down rapidly with the energy scale the Rindler observer uses to probe the field. In other words, for any arbitrary state in the inertial frame, the state of the field looks largely thermal when the observers probe it at scales larger than the one characterizing the Rindler frame, viz. a, i.e., Ω ≫ a. Therefore, the thermal behavior as seen by Rindler observers persists for sufficiently energetic probes.
We also characterize the decay profile of the corrections, in terms of a suitably defined Minkowski distribution function, which characterizes the particle content of the state in the Minkowski frame. We show that a red-shifted version of the Minkowski distribution function determines the corrections to the thermal spectrum. A similar trend is shown by the Rindler detector as well. Interestingly, although the two point function is not time translation invariant for the Rindler observer, the detector and the number expectation value show similar type of corrections (if the detector is kept "on" for sufficiently large duration).
This general formalism will be particularly useful while dealing with the cases such as pair production from electric field, particle production in an expanding universe and so on, when the initial state under evolution does not happen to be the vacuum state. We will be dealing with those cases in a subsequent work. Another important motivation for for such a study is the possible extension for the black hole when the collapse of matter to form a black hole occurs with the field being in a non-vacuum state. Insights gained here from Rindler-Minkowski dictionary can be applied to study black hole evaporation in a non-vacuum state in a more or less in a straightforward manner. We will discuss the spectral distortion of the black-hole radiation, elsewhere.
The study in this paper might also have some relevance for the emergent gravity paradigm [4] . In this approach gravity, as we understand it, is attributed with a thermodynamic status using the thermodynamic nature of Killing horizons since one can envisage horizons as observed by local Rindler observers at each event. Therefore, characterizing the non-vacuum state of the quantum field from the perspective of the Rindler observer holds some importance in this case as well.
We organize the manuscript in the following manner. First in section II, we set up the formalism for characterizing the correction (with respect to the vacuum state) in the number expectation values associated with the modes corresponding to an arbitrary foliation. We show that all the relevant information about the state and the trajectory is captured in a hybrid effective field, using which we can calculate the number expectation value for any trajectory. Moreover, we can classify the detector response using this effective field. In section III, we use this formalism to classify the number expectation value of arbitrary Minkowski states when viewed by the Rindler observer. We show that the correction over the vacuum part decays rapidly with increasing energy of the probe. The rate of decay is closely related to the distribution in terms of Minkowski modes. Section IV deals with the Rindler detector response for non-vacuum Minkowski state, where we discuss some salient features of the transition rates. In section V, we discuss two different approaches for defining the transition rate and note that the infinite time detector transition rate for one of the approaches can be viewed as a Wigner function. Similarly the finite time detector will also show a transition rate which, for all finite energy states of Minkowski frame, remains finite. We summarize our main points and discuss their possible extension in section VI.
II. FORMALISM
Throughout the paper we consider a massless, real, scalar field with minimal coupling. (However, the scheme and the results developed here are general enough to include other kinds of massive fields in a straight forward manner.) We will keep the dimensions of spacetime unspecified in general, but will go to (1+1) dimensional case for explicit demonstrations for technical convenience. Similar results are obtainable in (1+3) as well.
The equation of motion for a massless real scalar field minimally coupled to gravity, will be the Klein Gordon (KG) equation
where the operator is written using covariant derivative operator ▽ µ compatible with the spacetime metric g µν . There exists a covariant notion of inner product between solutions of the KG equation, defined by:
If the functions are well-behaved asymptotically, this inner product remains time invariant. Furthermore,
We next introduce a complete set of orthonormal modes satisfying Eq. (1), and:
Any solution to Eq.(1) can be expanded as a linear combination of such modes. Therefore, the field operator can be written in terms of the mode functions u k (x) aŝ
with the usual creation/annihilation operators, associated with this particular mode functions. The functions u k can also be thought of as the mode functions for a particular congruence of of observers (not necessarily Minkowskian) associated with a specific foliation of the spacetime. An arbitrary single excitation state corresponding to modes u k , is defined by:
where F k denotes the probability amplitude of the distribution, constrained by the normalization condition k |F k | 2 = 1. For convenience we have considered this single-excitation state 1 , however, similar analysis can be done for a general multiply excited state, an example of which we will discuss in a later section. In fact a multiply excited state can be viewed as a direct product state over various single excitation stateswhich allows a direct generalization. The two point correlation function of the field in this state is given by:
where we have defined an effective field corresponding this state by:
We see thatC(x, y) has a vacuum part and a correction term. Since, we will be more interested in the corrections to the vacuum contribution, when the inertial state does not happen to be the vacuum corresponding to u k modes, it is convenient to work with
which may be called the effective correlation function. From the effective correlation function we can obtain the number expectation value in a particular mode by a simple relation:
where Ô denotes expectation value of the operatorÔ in an arbitrary state |Ψ . Using the standard properties of the correlation functions and the modes (like their satisfying Eq. (1) and a fast enough fall-off at asymptotic) we can show that the expression Eq. (10) is time independent and counts the number of particles in mode l. We can rewrite the above expression in terms of the effective field Eq. (8) as
Let us now consider what happens when we decide to introduce another set of mode functions v k which could be thought of as being associated with another foliation and another congruence of observers. These modes v k will be related to the original modes u k via Bogoliubov transformation:
The field operator, expressed in terms of these new modes, will be:
whereÂ k is the annihilation operator corresponding to mode v k , which also can be written in terms of the annihilation and creation operators of the modes u k asÂ
Clearly the number eigenstates ofâ † kâ k are not the eigenstates of the operatorÂ † kÂ k . One of the key quantities we are interested in is the expectation value of this quantity in our quantum state. We will now find several useful expressions for the same.
(i) To begin with, the number expectation value in a mode ℓ (as defined using in v k s) can be written in terms of the correlation function as:
The above expression relates the number expectation value in a particular mode, associated with, say, the choice of a specific foliation to the two point correlation function in any arbitrary state of the field. In this approach we think of C(x, y) as fundamental and encoding information about the original state. Obviously, C(x, y) as well as the dot products in this equation are covariant; so the foliation dependence arises only through the choice of the mode functions.
(ii) Using Eq. (9) we can again rewrite the above expression as
Using the relations Eq.(3) and realizing the spatial variables are summed over in Eq. (2), i.e. act as dummy variables, we can write Eq.(16) as
In this approach, the effective field Φ eff encodes the information about the state of the field. In a way, this is a more fundamental description since C(x, y) can be expressed in terms of Φ eff as shown in Eq. (9) 
We shall see the effective field Φ eff , will turn out to be quite useful in what follows. Given the relations Eq. (3) we can also show that
for physically normalizable states. Therefore,
In terms of this auxiliary field and the modes corresponding to this field, we can in fact express the quantum state itself as
Thus, the correction over the vacuum contribution is completely characterized by an effective field Φ eff from which we can reconstruct the two-point function and the state uniquely. However, given a two point function we can not uniquely fix the state. Thus, the field Φ eff contains some additional information. For n− tuple excitation state, n such fields will be required to describe the state uniquely (see Appendix A). We will next discuss the response of the detectors in light of this kind of effective correlation function. This will help us to compare the results based on the foliation with the detector response. A generalization of these ideas for an arbitrary state is presented in Appendix A.
A. Detector Response
In quantum field theory, an operational definition of a particle is 'something which a detector coupled with the field detects'. Consider an Unruh-deWitt detector, coupled linearly to a scalar field φ(x), that moves on a world-line x µ (τ ) (where τ is the proper-time along the trajectory) and is described by the interaction Lagrangian
where c being the linear coupling constant,m(τ ) is the time-dependent detector monopole operator. The probability of transition from state |Ψ u , E 0 ( field is in the state |Ψ u , the detector is in its ground state) to any state in which the detector clicks is given, in first order perturbation theory, by:
Thus, the detector response depends crucially on the two point function of the field for the state. We will be interested in the contributions over and above the vacuum contribution (e.g. the thermal part for Rindler observer [1] ) and hence we will drop the contribution from vacuum state in our analysis. Also, for additional clarity we only consider a twostate detector. For given set of modes u k , we can define the effective field Φ eff as in Eq. (8) using which the the transition probability can be written as:
which in fact is a sum of squared amplitude of Fourier Transforms
of the effective field (and its complex conjugate) when viewed in terms of observer's time. (We have subtracted out the contribution from the vacuum state; we will not mention this fact specifically in the further analysis).
A physically more realistic system will have the interaction Eq. (22) switched on only for a finite duration on the trajectory of the detector, say from τ = T 0 till τ = T . In that case, the transition probability expression will be modified to
apart from a finite duration vacuum contribution. If, Φ eff (τ ) is written in terms a new quantity Φ eff (ν; T 0 , T ) as
the expression Eq. (26) can be written as
It is useful to compare the above expressions with the standard result in time dependent perturbation theory of nonrelativistic quantum mechanics. In that case, the probability of transition from a state m to a state n (eigenstates of unperturbed Hamiltonian) by the action of a time dependent potentialV (t) is given by the text book expression:
which, in the spirit of Eq.(27) can be rewritten as
Therefore, structurally the expression Eq.(26) or Eq. (28) is similar to a case of a non-relativistic system with our effective fieldmΦ eff (t) playing the role of a time dependent external potential. In the relativistic theory, its complex conjugate also makes contribution which can be ultimately traced to the fact that Schrodinger eigenfunctions have only positive frequency evolution exp(−iEt) while the KG modes have both positive and negative frequency parts. From this expression we can also calculate the total transition rate as the derivative of Eq.(26) with respect to T
where ∆E = E − E 0 . The exact τ dependence of Φ eff is specified once the state and the modes corresponding to the observer are known. Comparing with the rate of detector excitation in inertial frames [1] , we can get the expression for the number expectation value (in addition to the vacuum part). As expected we can see that in general it will be different from Eq.(18). However, it is possible that for a class of Bogoliubov coefficients these two quantities match even though the correlation function is not invariant under time translational. In such cases, we also obtain a time dependent transition rate.
We will now consider a specific demonstration of these corrective terms for the number expectation value, transition probability and the rate for the case of Minkowski and Rindler observers. The results for Minkowski vacuum is extensively discussed in literature, but non vaccum states are scarcely discussed in the literature. (We could find only [5] and [7] for instance, which are somewhat similar in spirit and constitute special cases of our general consideration here.) This will be the main thrust of the discussion in the forthcoming sections. We will concentrate on singly excited states; the generalization to n-tuple excitation (as well as the most general superposed state) is straightforward and is presented in Appendices.
III. INERTIAL EXCITED STATES OBSERVED IN RINDLER FRAME A. Single excitation state
Since we define the state in terms of a Minkowski foliation, we want the state to be well behaved with respect to the symmetries in this context. Therefore, we will work with normalized Lorentz invariant states, so that a single excitation state in (1 + 3) dimensions can be written as:
where f (k) satisfies the normalization condition
This state |1 is clearly a superposition of one particle states in the Fock basis with the amplitude for the state to be found to have a particle of momentum k being specified by the function f (k) which completely specifies the state. Comparing with Eq. (6) we identify
while making transition to the continuum case. In this superposed state, the number expectation value in a particular mode (say j) is given by
Further, this state is an eigenstate of the total number operator (which counts the total number of particles across different modes)N
The effective field Φ eff for the Minkowskian modes is given as
For technical convenience we will now switch to (1 + 1) dimensions, with signature (−, +). Writing in terms of frequency modes in (1 + 1) dimension (t, x), we get
where
Thus the Minkowski modes correspond to the u modes considered in section II and the state will be first specified in the Minkowski modes and then will be studied in terms of Rindler modes which serve as the v-modes. For (1 + 1) dimensional calculations we later on drop the subscript x from k x while realizing that k is a continuous variable taking value along the real line. We first work with the state Eq.(32) or Eq.(38) but later go on to see that our conclusions hold for a generic multiple excitation states and the corresponding superpositions thereof (Appendix B, C). The number expectation value for the Rindler observer at frequency Ω in this state is given as
It is fairly easy exercise to show that the number expectation value always has a thermal component just as it would have been for the vacuum case. As usual, we will subtract that part out and concentrate only upon the distortions brought to the thermal spectrum by the non-vacuum state. Using continuum version of the expression Eq.(18), written in terms of Rindler modes, the correction term can be expressed as
where the expression for the Bogoliubov coefficients for the Rindler-Minkowski mode correspondence are given as
Similar expression can be obtained for higher excited states. In [5] , the authors evaluate the particle content for wave-packet basis in the inertial frame using states in Fock space, which will be a special construction of the general excited state (discussed over the appendices B, C, D) considered in this paper.
We can now evaluate each of the terms in the right hand side separately. Using the expressions in Eq. (43) we write
Now, making a transformation logω
Thus, we realize that the Fourier transform of the function f (ae −t )/ √ 2π gives the dependence on Ω/a for the correction term of the number expectation value. We know that, when viewed from the Rindler frame, the frequency of the modes undergo a redshift [6] which involves the factor e −t . Our result in Eq. (45) shows that the relevant expression is essentially a Fourier transform of a probability amplitude which is "red-shifted". It is interesting to see that this feature is carried into a superposed state as well.
Further, the distribution f (ω) gives the analytical properties of N Ω . We can verify, using the asymptotic form of the Gamma function, that prefactor in the above expression has the behavior:
for large Ω/a. Therefore, if we wish the highest frequency modes to be unperturbed by the selection of the inertial state we will require the Fourier transform to be decaying function in Ω/a. (That is, if we want to choose f (ω) such that the lower frequency modes are populated more effectively, which in turn will ensure that the excitation occurs beyond the length scale 1/a of the Rindler observer). We are interested in determining the condition for this behavior. Let us call the function f (ae −t )/ √ 2π as a new function g(t). Then the normalizability of the state gives
showing that the function g(t) is square integrable over R. Using the properties of the Fourier transform of a square integrable function, we see that its Fourier transform must also be decaying 3 at large Ω/a faster than at least (Ω/a) −1 . In addition, if the function g(t) is also absolutely integrable with its at least first n derivatives also being so, then
where F {g} is the Fourier transform of g. By virtue of g (n) being an L 1 function, the right hand side of Eq. (48) is bounded. Thus |F {g}| decays at least as fast as (Ω/a) −n . For the other term
in Eq. (41), we realize the above mentioned criterion for g and hence f is suffice since the prefactor of the resultant Fourier transform
is anyway decaying for large Ω/a and will require only g being absolutely integrable or that the Fourier transform of g exists, which is true for square integrable functions. Thus, square integrable or physically meaningful states have decaying correction term to the number expectation value. We discuss some specific examples below.
This case corresponds to the scenario, where the state is a 1-particle state of definite frequency. The constant C has the mass dimension 1/2 so as to make f (ω) dimensionless as required for (1 + 1) dimensional space-time. Such a state will be useful in mapping the response of a definite momentum state as well. A definite momentum state is identified as a particle in the quantum field theory and has been traditionally studied in details for high energy collision experiments. Thus we obtain the Rindler response to a single particle of the scalar field φ. In this case
Since the Dirac delta function is nether square integrable nor absolutely integrable in (−∞, ∞) we expect the correction term not to be decaying asymptotically. One can work out the expressions in Eq. (41) to verify that
which saturates asymptotically. The effect of non-vacuum state can be felt even for the largest modes of the Rindler observer in this case. This can be checked even for the n−particle definite momentum sates or their superpositions. This is an important and curious result. It tells us that an one particle state in Minkowski frame will lead to the correction term (over and above the thermal contribution) to the expectation value of the number operator. In particular, this correction persists at all frequencies and will dominate over the thermal component at high frequencies. The correction term in this case keeps the memory of the initial excitation in the inertial frame through ω 0 . The exact profile of the correction depends on both the initial excitation mode ω 0 and the mode Ω at which the observation is made. (This result has significant implication for the corresponding black hole scenario. We hope to study the implications of this result for the black hole in a future publication.)
However, we also note that the state considered here is not a physical one in the sense that we can not prepare the state with arbitrary precision about the momentum. In other words, such a state is not normalizable. For, physically realistic cases we need to consider only those states which are square integrable. We discuss two such examples below.
This is a case where we decide to excite the modes and the width and mean value of the excitation controlled by a parameter α. In this case, the constant C has the mass dimension −1 and we have :
We see that this function is square integrable and all its derivatives are absolutely integrable too, thus the corrected number expectation value should decay very fast asymptotically. Indeed, the evaluation for Eq. (41) gives
which clearly decays down for large Ω/a. We realize that the correction term is a monotonically decreasing function in Ω with a pole at Ω = 0. The pole at the zero energy mode is second order in this case and supersedes the usual pole in the thermal contribution. Therefore, the dominant departures from thermality will be visible towards the zero energy modes, while the high energy probes in Rindler frame will receive progressively diminishing corrections. The information about the excitation in the inertial modes is captured in the parameter α sitting in the denominator as before.
This is a Gaussian distribution peaked about a specified frequency. In this case, the constant C, again has the mass dimension 1/2. This distribution also dies down for large ω and hence large k-modes. The function g(t) and all its derivatives are absolutely integrable in this case as well. Thus the correction to the number expectation value becomes
By appealing to the asymptotic properties of the Gamma function and the confluent Kummer Hypergeometric functionF 1 1 (z, n, b) we can verify that the correction term indeed vanishes at large Ω/a. Further, exploiting the properties of the Kummer Hypergeometric functions for low σ values, we can verify that the decaying part becomes constant in the limit σ → 0 limit, leaving a coth πΩ a dependence in Eq.(55), as one would have expected (If negative frequency modes are also taken, the limit σ → 0 sends the Gaussian distribution to a delta function). We can also verify that smaller and smaller values of σ will allow the correction to be perceived at larger and larger Ω modes. The extreme case is that of the delta function, when correction saturates to a constant value for large Ω. In other words, the result obtained in Example I above for a 1−particle state in the Fock basis emerges as a sensible limiting case of a physically realizable state when we make the state more and more sharply defined in the momentum state.
Therefore, we see that for single excitation state, the correction term has decaying profile in Ω/a by virtue of g being an L 2 function. Additionally, if the function g happens to be an L 1 function with at least some of its derivative also behaving the same way, the correction term will fall correspondingly faster. We have seen some distributions which defy that and have non vanishing correction at asymptotia. However those distributions are also not L 2 . The correction term is sum of two Fourier transforms of the function g, we realize now that it is asymptotically dying profile, since it is sum of magnitudes of two square integrable functions. A very similar exercise will establish corresponding results for an n-particle as well as a general superposed state, which we present in Appendix B and Appendix C respectively.
We will now discuss the response of the Unruh-DeWitt detector in a similar setting, where the inertial state is arbitrary. In that case, the two-point function is not time translation invariant anymore, as would have happened if the observer were moving on a trajectory which is not the integral curve of a time-like Killing field (even for the vacuum state).
IV. DETECTOR RESPONSE FOR THE NON-VACUUM MINKOWSKIAN STATE
We have a precise understanding of the response of a Rindler detector when the field happens to be in the vacuum state of the Minkowski modes. In this case the two point correlation function happens to be time translation invariant. So, the transition rate can just be viewed as the time translation invariant integrand in the expression of transition probability Eq.(23). The vacuum part then contributes a steady rate of excitation involving a thermal distribution in the energy.
Our interest is in the cases where the initial state does not happen to be the Minkowski vacuum for different trajectories of detector. In those cases we will require the two point correlation function Ψ|φ[x(τ ′ )]φ[x(τ )]|Ψ , for the initial state |Ψ . Let us begin with an one particle state of a definite momentum in Minkowski frame with
, where k 0 > 0 viewed by Rindler observers with the trajectory:
Using Eq.(37) and Eq.(57), we find that the effective field is:
Equations Eq. (26) and Eq.(57) now give us the correction for the finite time transition probability:
with
where Ei[n, x] is Exponential integral function of order n. The corresponding transition rate is obtained by taking a derivative of Eq.(59) with respect to T . An important point to note is that both the finite time probability of transition and the rate have now become T −dependent. Further, the correction part for the rate can (in principle) turn negative for some particular choices of the parameters involved. If the correction term is large then at some scales the total transition rate (including the thermal part) can also turn negative. (A plot of the transition rate confirms the oscillatory feature.) In those cases in which the correlation function depends only on τ − τ ′ , another formal definition of the rate can be given, which is often used in the literature. This is given, essentially by dropping one of the (infinite) time integrations:
In this case the expressions for the rate in Eq.(61) coincides with the derivative of Eq.(59). However, in generic cases where the two-point function will not have the time translation invariance, transition rates obtained from these two different routes will be different. We will discuss on this aspect in more details in the next section. To obtain the expression for the rate in this manner, for the definite momentum state, we evaluate the probability once again, in terms of the variables T = (τ + τ ′ )/2 and s = τ − τ ′ . The two-point function is
In terms of the new variables, we have the expression:
Using Eq. (62) and Eq. (63), we can write the transition probability as
Henceforth, we will drop the pre-factors |c| 2 | E|m(0)|E 0 | 2 , in a sense that probability will be considered in its units. Doing a variable transformation e −as/2 = z, we obtain the correction over the usual vacuum thermal part to be:
This correction term has a simple interpretation and corresponds to the number expectation value in this state obtained earlier in Eq.(52) (There is a factor π discrepancy though which is discussed in the Appendix D). In fact, this correspondence holds even for a general single excitation state (and a most general state) as we shall see later.
It is also interesting to note that at energies higher than the Rindler scale the correction saturates to |C| 2 /2a∆Eω k0 . Furthermore, at each instant in the trajectory we can compare the transition rate against that of a co-moving inertial observer. We can define a rate of such transitions from Eq.(66) in the formal fashion as the integrand of dT integral, which is:
Clearly this transition rate is time dependent (i.e depends on T ) and does not necessarily always remain positive definite. (A plot of the rate illustrates the oscillatory nature.) It will also become negative at various values of ∆E and T . We will address the properties of the transition rate in more detail in the next section. However, for an inertial observer at that time instant will observe a transition rate as
where γ is the Lorentz factor for the observer moving at the velocity v and k 0 > 0. Derivation of this expression can be easily obtained after a detailed discussion on transition rate in the next section. The corresponding co-moving velocity of the inertial obsever at time instant τ will be v = tanh (aτ ). If we were to evaluate the total transition registered by co-moving inertial observers distributed along the trajectory of the Rindler observer, we obtain
Thus, the correction term in transition probability has an asymptotic feature that is similar as one registered by a collection of co-moving inertial observers distributed along the trajectory of the Rindler observer. This is also the a → 0 limit of Eq.(66) as also argued in [7] for inertial observers' computation.
Normalizable states
We will next consider the detector response for general singly excited state which is normalizable (unlike the delta function state considered earlier). The state Eq.(32), in 1 + 1 dimension becomes
As discussed previously, the effective field for this state is given as
Now, if we use the Rindler co-ordinates Eq.(57) and identify
and make the transformation to a new variable log k a = t, all the integrals involved in the computation get converted into the Fourier transforms of square integrable functions in t, with respect to ∆E/a (see Appendix E). Therefore, the correction, as observed by the Rindler detector decays for large ∆E/a. This behavior was earlier observed in the number expectation value for Rindler observer as well. We note that, had the two point correlation function been time translation invariant in detector's co-ordinates, we would have been able to define easily, the probability of transition as a function of number (density) expectation value.
For computing the correction in the number expectation value for Rindler observer, we worked in one of the Rindler wedges and with only left-moving frequency modes. If we work in k-space in the Rindler frame, then we will have contribution from both the wedges and also from left-moving and right-moving modes both. It is then easily seen that the correction term in the number expectation value is precisely the same obtained here. (See Appendix E).
A very similar calculation will yield the same result for arbitrary superposed states. Since the x-dependence in the transition amplitude is brought in only through the field operators (in the correlation function) and is independent of the state, the s-and T -integrals that are to be performed remain the same. The only difference will be the introduction of manyâ k s andâ † k ′ s squeezed between the Minkowskian vacuum state, in addition to the introduction of many distribution functions f (k)s as well. In a fashion exactly as before (when we evaluated the number expectation value), such terms will give a contribution like,
(see Appendix B), and using the s-and T -integrals we can again show that the correction term is a superposition of products of the Fourier transform of various square integrable functions with respect to ∆E/a. Hence, exactly as before, the detector sees a correction which decays for large ∆E/a for any arbitrary but physical (normalizable) state. These results have significant implications in their own right. We see that sufficiently high energy probes progressively forget about the distribution function in inertial modes (or about the inertial state itself). These observers find themselves in a thermal bath which does not depend in any fashion on the details of the initial inertial state, but one decided by the vacuum structure of the theory. This evidently will have significant implications for black hole thermodynamics. For example, if a black hole made up of by collapse of a field in a non-vacuum state, any UV-probe of the black hole will only reveal the thermal character at the Hawking temperature. We will next consider the rate of transitions of the detectors in detail in the next section. In this case we see that the rate is time dependent and different definitions will give rise to different expressions for the time dependent transition rate. We will also note some important properties of the transition rates.
V. RATE OF TRANSITION
As we discussed in the previous section, one way of defining the transition rate from the probability of transition is by using Eq.(61). If the two-point function of the field is time translation invariant (which is the case for the vacuum state), then rate Eq. (61) is constant and is independent of T . However, in general time translation invariance will not hold for arbitrary superposed states. Therefore we see from Eq. (66) in Appendix E), that the transition rate defined by this procedure will become T -dependent.
There is an alternative way of defining the detector rate which is frequently used in the literature. This is done by keeping the detector "on" for a finite duration, say (0, T ) and define the transition rate R as R = dP/dT where P (T ) is the probability for transition. Such a definition, used extensively in literature [8] , shows some peculiar features for different states [9] possibly due to effect of switching off at finite time sharply.
We will now analyze some properties of the rates defined by these two procedures. We first discuss the "usual" method of defining the rate as the integrand of the T − integral and then discuss the second case.
A. Transition Rate I
Transition rate as the Wigner function
From Eq. (136) we see that the additional contribution (apart form the standard vacuum term) to the correlation function is given by:
As discussed previously, can rewrite the above terms using x ≡ x[τ ] and y ≡ y[τ ] as
We can also rewrite Φ eff (τ ) in frequency modes with the help of F ω as
Therefore, the correction term Eq. (76) becomes
From this correction term we can calculate the correction to the transition rate over the standard thermal contribution. The correction due to the first term is:
Making another transformationω = ω − ∆E, the above term becomes
where W F is the standard Wigner function (defined in the time-frequency domain) corresponding to the function F . It is easy to see that the second term will contribute the same term as the correction. Therefore the net correction term is twice the Wigner function of F . The properties of the functions F , which is the Fourier counterpart of the effective field Φ, will evidently decide the properties of the correction to the rate of the transition. We know that the Wigner function is well defined and bounded for square integrable functions. Thus, behavior of the correction will depend upon whether F is square integrable or not. Further, the Wigner function is positive definite only for Gaussian functions and in general it can take negative values. However, for the total transition rate to turn negative we need the negative value of the Wigner function to be larger in magnitude than the vacuum transition rate part.
Therefore, unlike the vacuum state the transition rate for a non-vacuum state remains non-constant and oscillatory in nature. Thus, the cases where the total transition rate becomes negative, there will be transitions occurring from the excited state of the detector to the ground state. The total number of particles in the excited state of the detector can in principle go down in time too. Therefore, in principle such states can give rise to de-excitations in the detector as well. Such a scenario is also discussed in [5] for the wavepacket basis description of the field.
Correction term for Minkowski detector
A detector at rest (or moving with uniform velocity) will not click in the inertial vacuum sate. But if the field is in an excited state (like the one particle state we are studying), a detector at rest can get excited by absorbing the quanta of the field. it is useful to start our discussion by studying the case of a uniform velocity detector, in order to delineate these effects. For such a detector
Therefore,
Again, we can obtain the expression for F ,
Writing the delta function in terms of is roots as
we get the result:
being the Doppler shift factor. So, this expression has the simple interpretation in terms of the Doppler shifted frequency in the moving frame. For a trivial example we consider the case for the rest frame, i.e. v = 0, γ = 1. In this case, the expression Eq.(86) becomes
which just picks the contributions from both positive as well as the negative frequency modes. We note that for a physically realistic state f (k)/ 2|k| is square integrable, but that does not guarantee the same for F (ω), which includes an additional √ ω contribution in the denominator making it divergent at small ω values. Therefore, the Wigner function corresponding to F might lack the nice feature of boundedness. Therefore, a very large correction has the potential to supersede the thermal part in the full transition rate. Hence, the transition rate defined in the fashion discussed above has the potential to turn negative even in the inertial frame. We have already seen such a case for the Rindler observers too.
Correction term for the Rindler observer
For Rindler observer the effective field is given by
Using
we obtain,
As before the integral is a Fourier transform of an L 2 function. It is multiplied with a regular function which decays for large values of ω. Thus the function F (ω) itself is square integrable and the correction term, as seen by the Rindler detector, remains finite. The total transition rate in this case remains positive only as long as the magnitude of the correction part is smaller than the standard vacuum transition rate.
B. Transition Rate II
As discussed earlier, there exists another method to define the transition rate by obtaining the transition probability up to some finite time and then take the time derivative. We will first obtain the relation between these two approaches. For a simple demonstration, we will consider quantum states in which only positive k modes are excited (only left moving ones, say). (In that case only the contribution from the first two terms in Eq.(138) in Appendix E, will survive. In principle, all other terms can also be considered within similar set up). In order to compare the rates defined by the two procedures, we need to obtain the expression for the rate in Eq.(31) in late time limit. This is because because the second procedure to define the rate -using the integrand of T integration -requires the limits of τ and τ ′ to run from (−∞, ∞). The time-dependent rate for such a configuration, defined as the integrand of T , is given by:
while the expression for the rate defined formally in Eq. (31) is:
clearly showing that the two approaches for defining the transition rates do not agree when the correlation function lacks the property of time translation invariance in τ . In fact this is a purely algebraic result and it can be demonstrated that, for an arbitrary function of two variables, the rates defined by the two different procedures will result in two different expressions. To see this consider:
and write the function f (t 1 , t 2 ) in terms of the Fourier modes
leading to:
Now if the t 1 , t 2 integrals run from (−∞, ∞), we simply get
If the integrals run form (−T, T ) we have
In this case the rate, calculated with respect to T is:
In the late time limit T → ∞, the expression for the rate becomes
We now change variables to T = (t 1 + t 2 )/2 and s = t 1 − t 2 which run from T ∈ (−T, T ) and s ∈ (−2T, 2T ); then the rate, defined as dI 1 /dT , is given by:
which for the late time limit becomes
It is now clear, on comparing Eq. (101) and Eq.(103) that the two approaches of defining the transition rate are different in general. At late time limit the two expressions can be written in terms of Fourier transform of a bivariate function. In this light, we can consider the rates for the Rindler observer. The Rindler trajectory discussed earlier corresponds to
for which we obtain the expressions for the rates at late times as shown in Eq. (93) and Eq. (94), respectively. The transition rate defined by either procedure remains real though not necessarily positive definite. (The reality condition is also evident from Eq. (31)). We see from Eq.(94) that even for finite time operation of the detector (when it loses the nice correspondence with the Wigner function) the rate will be UV-finite for all physically normalized states. These are finite energy inertial states in which f (k) falls fast enough at large k. So, for the transition rate to turn negative, we require the correction term to be negative and dominant over the vacuum thermal part. It will be interesting to investigate some relevant physical cases in which this happens, which we aim to report in a subsequent publication.
VI. CONCLUSIONS
The key non-trivial result which we obtain on combining the principles of general covariance and quantum theory is that the particle content of a quantum state is not generally covariant. While this result, a priori, has nothing to do with gravity, it really acquires significance only in a curved spacetime. This is because, in flat spacetime, there is always a preferred foliation associated with inertial observers which can be used to define the particle content. Since such a global inertial frame does not exist in an arbitrary curved spacetime, one faces all sorts of difficulties in using concepts wedded to the particle content of a quantum state in a general curved spacetime.
Given this fact, it certainly makes sense to study the corresponding situation in non-inertial frames in flat spacetime itself. The classic example of this is the study of Rindler frame with a preferred foliation adapted for uniformly accelerated observer. Two key results which arise from such a study are the following: (a) The quantum field theory based on the Rindler foliation of the flat spacetime interprets the inertial vacuum state as a thermal state. (b) An Unruh-DeWitt detector moving along a uniformly accelerated trajectory will detect a thermal spectrum of particles in the inertial vacuum. It is also well known [3] that the correspondence between the results (a) and (b) is a special feature of Rindler foliation and does not extend to more general foliations.
While there is extensive literature on the particle content of inertial vacuum state, detailed discussion of the particle content of inertial non-vacuum states when viewed from the Rindler frame is sparse. The only literature in similar spirit, the authors could find were [5] , [7] . In this paper, we analyze this situation, hopefully in a comprehensive manner, both from the point of view of quantum field theory and from that of detector response. Some of the earlier results can be obtained as special limits of the case discussed here. Our key new results can be summarized as follows.
• We found it convenient to encode the information about the inertial quantum state in terms of an effective field Φ eff which depends on a particular choice of foliation and the quantum state. All physical quantitiesincluding the two-point correlation functions of the field, the particle content of the quantum state as perceived in any other foliation and the response of the detector in any arbitrary trajectory -can be expressed in terms of Φ eff in rather simple and elegant manner.
We believe that this formalism will be useful in analyzing a host of other phenomena involving quantum field theory in curved spacetime. By using the same formalism with "in" and "out" vacua or even with vacuum states defined at two instance of time, one can obtain similar and useful results in contexts like particle production in expanding universe, Schwinger effect and black hole evaporation. These avenues will be explored in a future publication.
• Having developed the formalism, we applied it to study the particle content of inertial non-vacuum states (and in particular, superposition of one-particle states) as viewed in the Rindler foliation. For any state, the particle content has a thermal part corresponding to the inertial vacuum state plus additional contributions. Since the former is well known in literature, we concentrated on the additional contributions throughout the paper. We found that, when the inertial quantum state is normalizable, the corrections to the thermal nature die down at high frequencies as measured in the Rindler frame. In other words, the high frequency sector of the Rindler frame perceives dominantly a thermal spectrum in any normalizable inertial quantum state. (This result has important implications in other contexts like black hole evaporation which we hope to return to in a future work.)
• When the inertial quantum state is not normalizable, the situation changes drastically. For example, if the inertial state corresponds to a single particle excitation with a definite momentum k such a state is not normalizable according to our definition. When perceived from the Rindler frame, the particle content of such a state has a constant contribution at all high frequencies. It is as though a single particle with a definite frequency in the inertial frame is uniformly spread over all high frequencies in the Rindler frame. This result is curious and surprising and deserves further study.
• As we mentioned earlier, the particle content of a quantum state, determined through quantum field theory adapted to a particular foliation, may not always agree with the one determined by detector response. But since these two are known to coincide for the vacuum state viewed from a Rindler frame, we investigated the situation as regards excited states in the inertial frame. We find that the result holds even in this context when the rate of transition of the detector is defined in a sensible manner. We stress that the validity of this result for excited states is not obvious and hence this analysis is somewhat non-trivial.
• We also clarified the notion of rate of transition of the detector when the Whitman function does not possess time translation invariance. There are two natural ways of defining the rate of transition in such a context which have been used to in the literature. We showed by straightforward algebra that the result of these two procedures, in general, must be different. In view of this, we analyzed the rate of transition of a detector in a general inertial state using both the approaches. We found that there is a clear correspondence between the asymptotic (i.e., high frequency) properties of the detector transition rate and that obtained from quantum field theory in Rindler foliation.
As indicated earlier, there are several further avenues of exploration which are suggested by our analysis. In particular, the question of black hole formation when the initial quantum state is not a vacuum state is of particular interest. Our preliminary study shows that the results obtained in this paper can be directly generalized to this case thereby allowing us to compute the correction to the thermal spectrum in black hole evaporation. This has important implications for the black hole information paradox and will be addressed in a future publication.
which is the analog of the Eq.(115) which was defined for the general case, which again using the commutation relations become simple as.
Therefore, we ultimately have
For further demonstration, we take one of the term (say second) in the parenthesis of the integrand. Calculations for all other terms will be similar.
In any every integral in Eq. (121) if we again do the transformation log ω a = t, we can easily see that they become inner products between various square integrable functions and are finite. Similar contributions will come from all the terms in Eq.(120). Therefore, the expression in Eq. (118) (110), we again obtain that the correction term being a sum of (products of) Fourier transforms of various square integrable functions, with respect to Ω/a, as previously seen in Eq. (44) and Eq.(45). Evidently the correction terms decay down for large Ω/a, at least as fast as (Ω/a) −1+ǫ . Therefore, each term in Eq. (116) gives rise to product of Fourier transforms and is decaying. Thus, decaying nature of correction terms is true for arbitrary n− tuple states too. Now, we can generalize this for most general arbitrary states (superpositions of various particle states). Evidently, the important terms in that case will be the ones generating correlations, i.e. the last two terms in Eq.(110), which we deal with next.
Therefore, yet again in Eq. (110) we have Fourier transforms of two square integrable functions which is decaying in Ω/a. Additionally since such terms are integrated with α * Ωω β Ωω ′ , the Fourier transform is multiplied with
, which is already a decaying function for large Ω/a. A very similar analysis shows similar result for Ψ|â(ω)â(ω ′ )|Ψ , which in fact will be the complex conjugate of this term. Thus, we see that the correlation terms decay even faster for large Ω/a. This can also be generalized for other higher excitation states in a similar fashion. Now, we have generalized our result for all physically meaningful, normalizable states. For such states, there will always be a length scale below which the Rindler observer will not detect any significant departure from the blackbody profile. However, those observers having access to larger and larger modes, will observe progressively larger corrections.
Appendix D : DETECTOR RESPONSE VERSUS NUMBER EXPECTATION
We saw that for the one particle state, the number expectation correction for the left-moving modes corresponds to the detector response upto a factor π. It is important to note that this factor is always present between the number expectation value and the detector response, if the distribution is only among one set of modes (say left-moving modes only). In vacuum response, there is in fact a 2π factor discrepancy, since in that case both the left and right moving modes contribute to the detector response. This factor is adjusted by the normalization of the ω integral. Similarly, if the number expectation is calculated for both the left and right moving modes (see Appendix E) with the above-mentioned normalization, it will again match with the detector response. Thus the correspondence between (a) mean number of particles defined using the Bogoliubov coefficients appropriate for the foliation and (b) transition of detectors continue to hold even for the one particle (and also for general excited) states. We quickly demonstrate these points for the vacuum response. The first order transition probability for the vacuum state will be given as
for the Rindler trajectory Eq.(57). We first evaluate the τ integrals
Using Eq. (131) and Eq.(91) we get
where each term is a contribution of left and right moving modes respectively, while
Thus we see that if we concentrate only on the left moving mode in Rindler it differs from the corresponding one in the detector response by a factor 1/π. However, the full contribution coming from the left as well as right moving modes makes the difference factor 1/2π which is compensated by a 2πδ(0) contribution from the ω integral. Similarly, in Appendix E, we will see that the if the distribution for a general state is specified to be only among the left-moving modes, the corresponding terms in the number expectation value and the detector response differ by 1/π. This discrepancy is basically generated by the relation
Appendix E : DETECTOR RESPONSE FOR RINDLER TRAJECTORIES
The two point function in the singly excited state is given as
We can easily identify the first term as the standard vacuum contribution, which is a standard feature of the two point function. So for the detector too, there always be a vacuum contribution which is the thermal part. Henceforth we will concentrate on the correction terms only. We first analyze the momentum integrals in the correction term dk 2π
For massless scalar field ω k = |k|. Thus we can expand Eq.(137) as
Now we can evaluate the full correction term for the Rindler trajectory Eq.(57) and write the expression in T, s co-ordinates (defined previously) as,
with dse −i∆Es I 1 ≡ dT dse
2k ′ e (+i 
We first evaluate the s integral, again with making a transformation e −as/2 = z 
Similarly, we obtain dse −i∆Es I 2 ≡ dT dse 
Also, 
For evaluating the correction in probability we also need to perform the T integrals. For that, we use following expressions
Using, the relations Eq.(148) in Eq.(142)-Eq.(147) we get the expression,
Now, if we identify
and again make the transformation to a new variable log k a = t, all the integrals get converted into the Fourier transforms of square integrable functions in t, with respect to ∆E/a once again. Therefore, the correction profile, as observed by the Rindler detector has a decaying tendency for large ∆E/a.
